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Abstract In 1964, John Stewart Bell famously demonstrated that the laws of standard quantum
mechanics demand a physical world that cannot be described entirely according to local laws. The
present article argues that this non-locality must be gravitationally related, as it comes about only with
quantum state reduction, this being claimed a gravitational effect. A new formalism for curved space-
times, palatial twistor theory is outlined, which appears now to be able to accommodate gravitation
fully, providing a non-local description of the physical world.

1. Non-locality and quantum state reduction

Whereas quantum entanglement is a normal consequence of the unitary
(Schrédinger) evolution W, of a multi-particle quantum system, this evolution is
nevertheless /ocal in the sense that it is described as the continuous (local) evolution
in the relevant configuration space. What the EPR situations considered by John
Stewart Bell [1] demonstrated was than when widely separated quantum
measurements, of appropriate kinds, are performed on such entangled states (a current
record for distance separation being 143km, for entangled photon pairs [2]), the
results of such measurements (which may be probabilistic or of a yes/no character)
cannot be mimicked by any local realistic model. Thus, in trying to propose a
mathematical modelling of what is going on realistically in the physical world, one
would need to face up to the actual physical process involved in quantum state

reduction R, which is an essential feature of quantum measurement.

For many years, my own position on the state-reduction issue has been that R
would have to involve a fundamental mathematical extension of current quantum
theory, giving a description of something objectively taking place “out there” in the

physical world (OR: objective reduction), rather than R being the effect of some
kind of “interpretation” of the standard unitary quantum formalism. Moreover, the
extended theory should be able to describe the ome physical world that we all
experience, rather than some sort of co-existing superposition of vast numbers of
alternatives. To be more specific about my own viewpoint, it has long been my
position that such necessary deviation from unitarity U in this @R activity would
result from a correct melding of the quantum formalism with that of general
relativity. Unlike standard attempts at a quantum gravity theory, this would entail
some accommodation on the part of both quantum mechanics and gravitational
theory, involving some kind of “gravitization” of quantum mechanics [3], in addition
to the conventional viewpoint of there being some needed quantum modification of
the classical picture of space-time.

In my opinion, there are several reasons for believing that standard U-
evolution cannot remain completely true when the effects of Einstein’s general
relativity become significantly involved. For example, there is the so-called “black-
hole information paradox”. According to Hawking’s 1976 analysis [4], information
would be lost as an aspect of black-hole evaporation, this entailing a deviation from



standard unitary evolution U. Although Hawking subsequently reversed his opinion
(see [5]), I believe that his original argument is the more cogent one (and, in my view,
information loss is also a clear implication of an examination of the appropriate
conformal diagrams; see [6], especially Fig.30.14), so that U in must in any case be
violated in such extreme gravitational situations. Otherwise, one is led to unpleasant
and improbable-sounding conclusions such as “firewalls” instead of horizons [7].
Moreover, the very curious way in which the Big Bang must have been an
extraordinarily special initial state, as implied by the second law of thermodynamics,
also sheds doubt on the conventional presumption that that event can have been the
result of a standard quantum-gravity type evolution, since gravitational degrees of
freedom were enormously suppressed at the Big Bang, this applying only to
gravitation, the matter and radiation degrees of freedom having apparently been
almost completely thermalized (see [6], Chapter 27).

In addition to these very, large-scale phenomena, fundamental issues are
raised when quantum superpositions of even very tiny gravitational fields are
involved [8], [9]. It turns out that Einstein’s foundational principle of equivalence
(between a local gravitational field and an acceleration) is in conflict with the

standard linear W-evolution even in the case of the Newtonian limit of general
relativity. For it can be shown that such superpositions are, strictly speaking illegal,
according to the quantum formalism, as the accelerating frames relevant to the two
components of such a superposition refer to different vacua [3]. The specific type of
scheme that I have been promoting, in order to handle this conflict, suggests a
particular scale for an @ R-type process. All this agrees, fairly closely, with an earlier
proposal introduced by Lajos Didsi [10] (see also [11]) but now with clear
motivations from foundational principles of general relativity, most particularly the
Galilean limit of the equivalence principle (see [3]). According to this proposal, a
macroscopic quantum superposition between two quantum states A and B, in the
(Newtonian) c¢=oo limit would undergo a spontaneous reduction (OR) of the
superposed state to one of A or B, in a timescale =~h/Eg, where Eg is the
gravitational self-energy of the mass distribution (positive in some regions and
negative in others) of the difference between the distributions in A and B separately
31, [8], [9]. Here we assume that each of A and B would, on its own, have been
completely stationary. In space-time terms, we have a quantum superposition of two
different space-time geometries that persists only for a time ~t, where the total space-
time separation (superposition) period, before reduction takes place, would be of
order unity, in Planckian units [3], the separation of the space-time geometries being

given in terms of a symplectic measure that can be explicitly given in the linearized
limit [8].

2. Twistor non-locality and its basic algebra

Among the principle motivational ideas behind the original introduction of
twistor theory [12] was the feeling that one should seek a description of the physical
world that would be fundamentally non-local. 1 had hit upon twistor theory’s initial
notions in late 1963, before I had had the advantage of knowing John Bell’s
remarkable demonstration that the effects of conventional quantum mechanics cannot
actually be explained in terms of a local realistic model. Yet, I had already felt that



there were some reasonably persuasive indications from the earlier work of Einstein,
Podolski and Rosen (EPR) [13], and David Bohm [14], that some kind of spatial non-
locality must be true of the real world, although we were certainly not forced into this
viewpoint until Bell’s famous result appeared in 1964.

The kind of non-locality exhibited in the original twistor viewpoint was,
however, rather limited. The idea was that space-time points should not be thought of
as primitive entities, but secondary to the non-local notion of a space-time light ray—
henceforth referred to simply a ray—namely a complete null geodesic in the
classically viewed space-time manifold A . Clearly a ray is a non-local entity,
representing the entire history of an idealized freely moving classical massless (and
spinless) particle. The 5-real-dimensional space AN of all such rays in P is
Hausdorff, provided that we can assume that P is globally hyperbolic [15]. Any
point r of P may be identified within PV (with perhaps some ambiguity, for certain
very special P s) as the sphere R of rays that pass through r. This §* (basically the
“celestial sphere” of an observe at r) has the structure of a conformal sphere, and one
of the defining aspects of twistor theory was to try to regard R as a Riemann sphere
(complex projective line) within the structure of PJV.

However, for a general P , the real 5-manifold PV does not possess anything
directly of the nature of the complex structure that would enable such an interpretation
of the 2-sphere R to be inherited from an ambient complex structure, of some sort,
within PV itself. Nevertheless, the 6-manifold pN' of momentum-scaled rays is
actually a symplectic manifold, where a momentum scaling assigns a (space-time)
null convector p at each point of the ray, written in index form as p,, which points
along the ray in the future direction and is parallel-propagated along it. The
symplectic structure of pV' is defined by the closed symplectic 2-form X, and a
natural symplectic potential 1-form ®, given by

2 =dp,adx’ =d®, where ® = p,dx“,

(abstract indices being used throughout [16]). In conventional coordinate notation,
“dx” would simply stand for the coordinate 1-form basis; in abstract indices dx“ is
just a “Kronecker delta” translating the abstract index on “p,” to a conventional 1-
form notation. We shall be seeing in §3 that, in some sense, it is the process of
canonical quantization (in the guise of geometric quantization [17]), when applied to
the symplectic structure = (via its associated Poisson-bracket structure ), that gives
quantum significance to this Riemann sphere interpretation. But we shall find that
there are considerable subtleties about such a quantization procedure which, as it turns
out, cannot be applied globally in the appropriate way to the whole 6-space pJV,
when P is conformally curved. The global inconsistency of this quantization process
is the key to a new notion in twistor theory known as palatial twistor theory [18],
which will be described in outline in §6 and which offers some hope for a
fundamentally non-local description of general curved 4-dimensional space-times.

When P is conformally flat, and most particularly in the case P =M where M
is Minkowski 4-space, we do not need to appeal to quantization procedures, and we
find that the required complex structure is already provided by classical theory, when
looked at in the appropriate way. This interpretation is explicit, as we shall see below,
and (at least locally) PV can then be identified as a 5-dimensional real hypersurface



PN in a complex space PT (which is a complex projective 3-space, CC*) referred to
as projective twistor space. Thus, CN becomes what is referred to as a CR-manifold
(Cauchy-Riemann or complex-real manifold [19]).

The real 5-space CN divides CT into two halves CT" and CT . In each case,
the prefix “C” refers to “projective” (i.e. all non-zero complex multiples being
projected to a single point), and there is a non-projective version, Gespectively, e , T",
and T of each (see Fig.1). The space T, referred to simply as “twistor space” (or
sometimes as “non-projective twistor space”) is a 4-dimensional complex vector
space (zero included) with pseudo-Hermitian metric form, of split signature (+,+,——).
The sub-regions T', T, and N, of T, are defined, respectively, by the metric form
taking positive, negative and zero values. A twistor Z, sometimes written in abstract-
index form as Z” is an element of T, and in standard coordinates (ZO ,21,22,23) for T,

the metric form is
1Z|| = Z2°Z2+72'Z3+ 7220+ 7271 = zaZ, = ZeI

where the complex conjugate Z of the twistor Z is a dual twistor, i.e. element of the
dual twistor space T*, and written in abstract-index form as Z,, and in standard

coordinates, its components are (Zo,Z1,22,Z3) = (Z2,Z3,7°,Z1).

If ||Z||=0, we call Z a null twistor, and it represents a ray in M. To see this
explicitly, we need the fundamental incidence relation between M and T given by

(ZO) _ L(t+z x+iy> (ZZ)
71)  VzZ\x—iy t—z)\z3
where (,x,y,z) are standard Minkowski space-time coordinates for M (with c=1) for a

point r, either in M or its complexification CM. When Z is a null twistor, the real

points r which are incident with Z (i.e. whose coordinates satisfy the incidence
relation with Z%) are simply the points that constitute a 7ay z in M (or at infinity, in the
conformal compctification M” of M, if Z*=Z°=0). When Z is not null, then there are
no real points incident with Z, but there are complex solutions for (z,x,y,z), giving
points of CM. We may see, from the incidence relation, that the rays determined by
the null twistors Y and Z infersect (possibly at infinity, in M"), if and only if ZeY
(=ZY%) vanishes. If we fix r as a point of CM, then the solutions for Z of the
incidence relation give us a complex projective line (a Riemann sphere) in the
projective 3-space PT. If r is a real point (point of M, or even of M"), then this
Riemann sphere lies in PN, in accordance with the above comments concerning PNV
For more details, see [20], [21], [22].

3. Spinor parts and physical interpretation of a twistor

The 4 components of a twistor Z2, in a standard frame, may be identified as
the pairs of components of two 2-spinors w” and wy, according to

ZO:woa Zl:a)la Zzza‘b'a Z3:0)A',



SO we can write
Za = (COA, 77:,4') and Z_a = (77[,4, 5A)

or more simply Z=(w,n) and Z=(Tt,®). The incidence relation with a space-time point
r becomes

o' =1"7,, which we can write ® = irem,
where we are now regarding “r” as standing for the position vector of that point with
respect to a given origin point O. Under a change of origin O—Q, where ¢“ is the
position vector 0Q, so that the position vector r must undergo r“—r"—g“, the spinor
parts of Z must accordingly undergo

COA g CUA—iqAA Ty, Ty = Ty,

this preserving the incidence relation @=irss. For a dual twistor W, with Wo=(m,u®),
we correspondingly have

me A, u e ut +ig" AL
The inner product of a twistor Z=mn) with a dual twistor W=(A,u) (i.e. We=(A,,u’)) is
WeZ = L o'+ u" np = Ao + pem.

In terms of @ and m, a physical interpretation of a twistor Z=(®,r), can be
provided, up to the phase freedom Z¢'"Z (0 real), even in the non-null case. The
twistor, up to this phase freedom, gives us the 4-momentum p (p, in index form) and
6-angular momentum M*” of a massless particle with spin:

Pa = iy, M?® =107 % —ia"a? "

(where I use abstract indices, so that a=4A4", b=BB’, etc., the skew ¢ “metric” spinors
defining the space-time metric via g,=¢&43€45; see [16] §3.1, [22] §6.3). Provided that
70, this p, and M™ automatically satisfy all the conditions

a_ ab) __ baged _
pap” =0, py>0, M=0, leyap’M’=sp,

required for a free massless particle. Conversely, the twistor Z (with m;#0) is
determined, uniquely up to a phase multiplier ¢, by p, and M, subject to these
conditions. (When =0, we get a limiting situation, where the particle is at infinity,
but with a zero momentum and non-zero angular momentum.) We shall be seeing
shortly that the phase also has a key geometrical role to play in the geometric (pre)-
quantization procedure mentioned in §2, which is relevant to the palatial twistor
theory sketched in §6.



The quantity s is the helicity of the particle, i.e. its spin, but with a sign,
positive for right-handed and negative for left-handed. The helicity s finds the very
simple (and fundamental) twistor expression

2s = W'+ o' = 7972 = ||Z.

When s=0, the complete interpretation of Z, up to phase, is the momentum-scaled ray
it determines (possibly at infinity), as given earlier. But when s#0, there are no such
real points, and there is no real world-line that can be associated with Z in a Poincar¢-
invariant way (although there is a spatially non-local real interpretation that can be
given in terms of a twisting configuration referred to as a “Robinson congruence”
[22], §6.2, from which the term “twistor” was originally derived). There is also an
interpretation of Z in terms of the family of complex points x satisfying the incidence
relation w=ixem, these constituting what is referred to as an a—plane in CM (or CM”, if
we include points x at complex infinity).

In curved space-time M, these notions are not so well defined. Most
particularly, the concept of an a—plane disappears for a complexified (real analytic)
space-time MM for which M is not conformally flat. Nonetheless, we can go some
small way towards defining a hypothetical twistor space T for M (analogous to T
defined for M), in that the “non-projective” 7-space N can be defined from M NMFM
Mimiding Mi ML -scaling of rays that gave us the 6-space pV of §2 to a “m-scaling”
for rays y. Thus, the 7-space V' is a circle-bundle over V', where the circle is simply
the phase freedom wy—e’w, (0 real) referred to earlier, to give us a e *-family of z-
scaled rays I for each ray y in e , where p,=m, 4, as above, the 2-spinor s, being
taken parallel-propagated along each y. Yet, we do not get a canonically defined full
complex twistor space T for a conformally curved e .

As noted above, this circle bundle is, in fact, just what is needed for the
procedure of geometric quantization, when applied to the symplectic 6-manifold p/NV°
(see [17]). What is first required for this (in the preliminary procedure of “pre-
quantization™) is a circle-bundle connection for which the curvature is (h times) the
symplectic 2-form X (of §2). This connection is directly given by the 1-form iA®,
where @ is the symplectic potential referred to in §2. We find that to proceed to a full
quantization procedure, we run into issues of non-uniqueness, these being actually
central to the non-locality that comes about in palatial twistor theory, for which a
tentative description will be given in §6

4. Local twistors and the Einstein A-equations

Despite these ambiguities, there is, however, a /local notion of a twistor (not
requiring s=0), defined at each point q of any A and which also can be carried over
to each entire ray y in h , i.e. to each point of the associated ray space of PNV, and
whence to each point I" of the m-scaled-ray space V. This provides us with a flat

twistor space T¢q, canonically and conformally invariantly defined for each qeM, and

also such a space,, for each yePN, where T, may be interpreted as a kind of



complex “pseudo-tangent space” to N at each corresponding point IEN'. These are
obtained via the notions of local twistor, and local twistor transport (|22] §6.9).

A local twistor is a quantity Z*=(w",w,’), defined at a point q of the space-
time , which transforms as
T[A - T[A, Ty - Ty +1 T[A QilvAA'Q,
under a conformal rescaling of  ’s metric, according to gu—Q’g. (Q being a
smooth positive-valued function on ). To get an exact correspondence with the
twistor concept introduced in §2, we must think of 7 (and ;") as not being defined
with respect to a fixed origin point O, as in §3, but now taken with respect to a
variable point qe . Recall that in M, when the origin O is displaced to a general

point q (with position vector g“ with respect to O) in M, the twistor (7r*,m,) defined
with respect to O becomes (m'-ig™" m,,m) with respect to q. The local twistor
perspective on this is that (r*,m,), defined at O, when carried to q by local twistor
transport, becomes ( “—ig* m,;,m,) at q. This enables us to extend this concept, in a
conformally invariant way, to a general . When =M (or, indeed, when  is any
simply-connected conformally flat space-time) the notion of local twistor transport is

path-independent, so that the local twistor concept extends to a global one, but this is
not true in general.

The definition of local twistor transport, along a smooth curve y in with
tangent vector #, is

tV,1? = i my, Ve = i t" Py TP
where
. b
Puy = SRGuw— 3R, With Rue = Rap'.

(sign conventions as in [16], [22]). Taking y to be a ray—which is simply-connected,
with topology  (by ’s global hyperbolicity)—we use local twistor transport to
propagate (®,m) uniquely all along y, thereby providing us with our canonical twistor

space T, assigned to . Correspondingly, we shall have spaces PT,, N,, and PN,, just
as in §2. When N is conformally flat (and simply-connected), these spaces are all
independent of the choice of any curve y connecting a pair of points in N , owing to
the integrability of local twistor transport, so the local twistor spaces are all
canonically indentical and may be referred to simply as spaces T, PT, N, and PN,
respectively, but this does not hold if N is conformally curved.

We must raise the question of the relation between each NN, and the global

space NV of rays in a general M. Within each T, for a ray y, this ray, when z-scaled
to I, can itself be unambiguously represented by (0,7,) all along y, this being
unchanged by local twistor transport along y (since # oct'z" and 7' 7,=0). When M
is confomally flat (and simply-connected), the integrability of local twistor transport
allows us to achieve this globally for the whole of PV, where a m-scaled ray n in M



that meets y in a point q would be represented at q by the local twistor (0,7 4), in both

T, and T, where 7, provides the direction and m-scaling for 7. In fact the spaces
N,~{0} are all canonically isomorphic with each other, and (locally) with V" itself, so

it makes sense to identify N'U{0} with each N,. (at least locally). However, this close
association does not apply when N is not confomally flat.

When N is M or de Sitter 4-space D with (positive) cosmological constant A
(or anti-de Sitter space if A<0), it is confomally flat, and the local twistor spaces can
all be identified, as can their vector-space tensor algebras. More particularly, they
have a specific structure defined by anti-symmetric 2-valent twistors referred to as
infinity twistors [22], which fix the metric structure of the space-time. These are /%
and /qp, taken to be both complex conjugates and duals of one another:

Lp = 1%F, I¥ = T4,
[P JdP = 1 gaBpo |

_ 1
lap = 5 appo 177, 2 po>

where g4, and £*BPo are Levi—Civita twistors, fixed by their anti-symmetry and

_1_ 0123
En=1=¢€

we have:

in standard twistor coordinates. In standard 2-spinor descriptions (§3),

A gAB 0
[0([1’ = (6 EAB 9 ,), ]aﬁ = ( O é ).
0 cA'B o EaB

For de Sitter space D, the infinity twistors provide a complex symplectic
structure (not to be confused with the real symplectic structure of §2) defined by the
2-form:

7 = Ipdzead?’; d7=o.
Also there is a symplectic potential 1-form
J = lyZedZ’,  where 7I=4dJ.

When A=0, this symplectic structure becomes degenerate, the matrices for /os and )4
becoming singular. When A#0, they are essentially inverses of one another:

A
Lag 1PV =~ 85,

but annihilate each other if A=0. For given A, the structure afforded to the twistor
space T, by log (or equivalently I where Eappo and £*BPI are assumed given) will
be called its I-structure (or I-structure).

A significant feature of local twistor transport is that the satisfaction of
Einstein’s A-vacuuum equations R,~=Ag. 1s equivalent to the fact that /us (or ]“ﬁ) 1S
constant under local twistor transport. (See [22] p.376 for the case A=0; when A#0 this
fact can be directly established; see also [23].) Moreover, the local twistors &,4,, and



£%BP9 can be seen to be automatically local-twistor constant, independently of the
Einstein equations. Accordingly, the Einstein A-vacuum equations can be phrased in
terms of the existence of an I-structure that holds globally for all the local twistor

spaces T, for the ray space V..

5. Twistor quantization and cohomological wavefunctions

Up to this point, [ have been concerned only with classical twistor theory. For
the quantized theory, we need to introduce the commutation laws [22] §6.10:

Z“Z_[;—Z_/;Za = h6g
and
2070 7P 70 =0,  ZoZy—ZyZa = 0,

where now Zeand Z are taken to be linear operators generating a non-commutative
algebra A, acting on some appropriate “ket space” [24]. We should think of that space
as a quantum state space of some kind, that I shall sometimes refer to as “|...)”, but it
is best not to be too specific about this for the time being. (In the language of standard
quantum mechanics, a ket space may be thought of as a complex linear space with a
basis that is a “complete set of commuting variables™.) In fact, it will be a key part of
the arguments in §6 that for conformally curved space-times, the ket space will not be
provided in a globally consistent way, though having a /ocal (but non-unique)
existence in appropriately defined “sufficiently small” regions of the ray spacer PNV,

The proposal, according to palatial twistor theory, is that in the case of a curved M
we obtain an algebra A, that generalizes the role that A plays for M (or for D), where
A is defined completely globally for M, even though there would be no globally
consistent ket space.

There are, however, issues concerning the nature of A (and certainly of A)
that are not completely resolved at the time of writing. We would certainly require
that A contain polynomial expressions in Z and Zs, but, as we shall be seeing,
expressions that are analytic in these quantities must also play a role. In a
(conformally) curved space-time M, we would have a deformed such algebra A that
is, in some appropriate /ocal sense, the same as A, but whose global structure would
encode the entire (conformal) geometry of a given curved space-time M. The algebra
A itself is to be thought of as, in some sense, the algebra of linear operators acting on
(germs of?) holomorphic entities of some kind defined on T, but the precise notion of
what is required has not yet become completely clear. In basic terms, A is to be taken
as the algebra generated by Z* and 8/6Z°, but where infinite series in these (non-
commuting) operators would also need to be considered as belonging to A. This raises
issues of convergence and locality that will need to be sorted out in due course, but
for our present purposes I shall ignore these subtleties and merely explain the general
idea of what is required.

In the case of M, the above commutation laws are al/most implied by the
standard quantum commutators for position and momentum



pax’ —x'p, = ih6k

but there appears to be an additional input related to the issue of helicity. By direct
calculation, we may verify that the twistor commutation laws reproduce exactly the
(considerably more complicated-looking) commutation laws for p, and M* that arise
from their roles as translation and Lorentz-rotation generators of the Poincaré group.
In this calculation, we take note of the fact that there is no factor-ordering ambiguity
in the expressions for p, and M* in terms of the spinor parts of Z« and Z, (because of
the symmetry brackets in the spinor expression for M*"). However, when we examine
the calculation for obtaining the helicity s, we do not retrieve the classical expression
25=7%Z (or 25s=ZqZ%) but, specifically (writing the helicity operator as s, in bold
type):

S =2 (Z2Z o+ ZaZ¥).

In analogy with the standard quantum-mechanical procedures, if we wish to
consider what the wavefunction for a massless particle should be in twistor terms, we
need to think of functions of Z# that are “independent of Z;”. This means “annihilated
by 8/0Zg”, in other words holomorphic in Z« (by the Cauchy-Riemann equations).
Thus, a twistor wavefunction (in the Z-description) must be holomorphic in Z and we
have the operators representing Z& and Z::

_ 0
Z@ws 7@ % Za h— .
Wy , Wy aza

We can alternatively consider wavefunctions expressed in terms of the conjugate
variables Z o, which are dual twistors, and re-labelling Z, as Wa, we have
commutation laws W.W’-W* Wf—h(?f , WaWy—WyWo=0, WW - W' We=0, leading
to a dual-twistor W-description of wavefunctions.

For purposes of being definite, I just adopt the Z-description here. It should be
remarked that, in the Z-description, the above quantization procedure allows the
removal of all operations that involve Z, replacing them completely by operations in
Z., and thereby providing us with entirely holomorphic descriptions. This will prove to
be of central importance to the theory.

If we are asking that a wavefunction describe a (massless) particle of definite
helicity, then we need to put it into an eigenstate of s, which, by the above, is

5}
s= —h(z«

o).

9]
This is simply a displaced Euler homogeneity operator Z« 3 so that for a helicity

Z(Jl
eigenstate, with eigenvalue s, we need a twistor wavefunction f{Z) that is not only
holomorphic but also homogeneous of degree

n=-2s—2

10



where, for convenience, I henceforth choose 7i=1. Then 2s is an integer (odd for a
fermion and even for a boson).

We need to see the relation between such a twistor wavefunction and the
space-time description, in terms of the zero-mass field equations in flat space-time M
—or in a conformally flat M'—for each helicity s. These field equations are expressed
in the 2-spinor form

VAA’T,UAB.”E =0, or Oy=0, or VAA’lﬁA'B'mE' =0,

for the integer 2s satisfying s<0, s=0, or s>0, respectively, where we have fotal
symmetry for each of the |2s|-index quantities

Yus. b = Yus.rp Yaw. &= Yus . g

These equations give the spinor form of (the anti-self-dual and self-dual parts of) the

free Maxwell equations (if |s|=1) and of the source-free linearized free gravitational
field (if |s|=2).

The required relation between f(Z) and the appropriate p (or 1) can be
achieved by a simple contour integral expression (see [25] and [22] §6.10), where the
contour lies within the Riemann sphere R, representing a point r of complex
Minkowski space CM, R being the locus of projective twistors IPZ that are incident
(w=irem) with r, where Z=(®,n). A free wavefunction y(r) (or (r)), should be of
positive frequency, and this is achieved if y(r) (or P(r)) remains holomorphic when
we allow r to be any complex point lying in the forward tube M. This is that part of
PM consisting of points whose imaginary parts are timelike past-pointing), and is
represented, in projective twistor space IPT, by the lines R lying entirely in PT". See
Fig.2 for a picture of this arrangement (the shaded region indicating where fis free of
singularities).

The details are best not entered into here, but what we find is that the twistor
wavefunction f'is not really to be thought of as “just a function” in the ordinary sense,
but as a representative of an element of I* cohomology (actually 1% sheaf
cohomology) of the space PT". It is at this stage that we begin to realize the deeper
and more subtle aspects of the non-locality of the twistor picture of physical reality,
this non-locality finding expression in the essential non-locality of cohomology [26].
A good intuitive way of appreciating the idea of 1% cohomology is to contemplate the
“impossible tribar” depicted in Fig.3. Here we have a picture that for each local
region, there is an interpretation provided, of a 3-dimensional structure that is
unambiguous, except for an uncertainty as to its distance from the viewer’s eye. As
we follow around the triangular shape, our interpretation remains consistent until we
return to our starting point, only to find that it has actually become inconsistent! The
element of 1% cohomology that is expressed by the picture is the measure of this
global inconsistency [27], where locally there is no inconsistency, but merely a mild-
seeming ambiguity of the distance from the viewer’s eye of the pictured object.
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In the case of a twistor wavefunction there is an additional subtlety, in that the
global inconsistency arises from the “rigidity” of holomorphic functions rather than
that of the solid structures conjured up by the local parts of Fig.3. To be more
specific, we may think of PT" as being broken into pieces—and simply the two
overlapping open regions U, and U, depicted in Fig.2 will do—which together cover

the whole of PT", and where there is a region R of intersection of U, and U, which is
where our holomorphic function f'is actually defined

PT = U, UU, RRRELNU;

(see Fig.2). We can think of this as being analogous to the tribar of Fig.3 by
imagining a splitting of the tribar picture into two overlapping parts, a left-hand one
(““U,”) and a right-hand one (“U,”) where the (disconnected) overlap region provides
us with instructions as to how to glue the two parts together. These instructions are
the analogue of the holomorphic function f, and it is the rigidity of holomorphic
functions (as expressed in the local uniqueness of analytic continuation) that provides
the analogy with that of the rigid-body structures depicted (locally) in Fig 3.

The non-locality of twistor 1¥ cohomology that is illustrated here reflects a
physical non-locality that is exhibited in 1-particle wavefunctions that had worried
Einstein, way back in 1927 (Einstein’s boxes; see [28]), though much milder and
elementary than the 2-particle non-locality that Bell established in 1964. We may
imagine that a photon source, aimed at a photo-sensitive screen some distance away,
emits a single photon towards the screen, the state of this photon being described by a
wavefunction 1. As soon as the screen registers reception of the photon at any one of
its points—say x—this detection event instantly forbids every other point of the
screen from detecting the photon, despite the fact that at another point y on the screen,
the wavefunction itself may have had, a moment previously, a y-value comparable
with that at x. The probability of detection at each point of the screen is determined in
the same way (by some form of Born rule), but as the detection probability just refers
to a single particle, it cannot be detected at more than one point. It is a global thing,
quite unlike the situation with a water wave, say, whose effect on each point on a cliff
face is locally determined, being independent of its effect at other points on the cliff.

Of course, taken on its own, such a situation can be explained in accordance
with the point of view that the wavefunction is simply a kind of “probability wave”
with no actual reality attached to it. This simple picture cannot be maintained,
however, when interference effects are involved, and for such reasons I would myself
insist on attributing some measure of physical reality to the wavefunction. Yet, this
“reality” has to acquire some kind of non-locality, as this simple example
demonstrates.

For an extreme illustration of this, we may imagine that an astronomer detects
a photon from a galaxy some millions of light years away. Prior to detection, one
would consider that the photon’s wavefunction had spread, enormously diluted, over a
region several millions of light years across. Yet, the astronomer’s detection of the
photon at once forbids its detection at any other place in that vast region (where I here
ignore complicating matters of Bose statistics and quantum field theory). The twistor
picture of this non-locality, is like that of a vast impossible tribar, whose impossibility
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is removed once it is broken at any one place, this “breaking” being the analogy of a
quantum state reduction (R) occurring at that place.

Of course, as we know, a “local-realistic” model (i.e. a “Bertelmans’s socks”
type of explanation, see [29]) can easily be provided for this kind of single-particle
non-locality, and we need to pass to multi-particle situations in order to provide
instances of genuine Bell non-locality. The twistor description of an n-particle
wavefunction would require n™ cohomology, so the twistor picture becomes more
complicated (and not yet adequately discussed, as far as I am aware). I am more
concerned, in this article, with how one might attempt to address, in twistor terms, the

issue of the state reduction R that occurs when a measurement is applied to a
(twistor) wavefunction. Since, according to §1, I adopt the view that this is an

objective physical process (OR) which is gravitational in nature, we shall need to see
how genuine curved-space geometry might be incorporated into the twistor
formalism. The basic ideas for this are outlined in the next section, and we see a new
kind of non-locality arising in the twistor picture.

6. Palatial twistor theory

Before turning to the proposal of “palatial twistor theory” for a general curved
space-time M, it will be helpful to give a brief outline of the earlier procedure
referred to as the “non-linear graviton” construction [30] (and see also [31] for the
case of non-zero A), whereby the general (complex) solution of Einstein’s A-vacuum
equations, in the anti-self-dual case, may be expressed in twistor terms. The gist of
this construction can be gleaned from Fig.2, where we think now of the two
overlapping open regions U, and U, as being separate portions of twistor space that
are to be “glued together” over the shaded intersection region. Now, rather than
thinking of f as just being “painted on” the overlap region Mwe can think of f as
playing a more active role, whereby it effects a sliding of one patch over the other, so
as to obtain some form of “curved” twistor space, achieved by a process of
“coordinate patching”. In the infinitesimal case, this can be expressed as a shift in U,
as matched to U,, along the vector field:

o Of 0
0z% 9zB°

(defined on R) where f'is homogenous of degree 2 (corresponding to helicity s=2).
Exponentiating this, we get a genuinely curved twistor space of required type (with a
globally defined I-structure). The points of the complex 4-manifold R arise as
completed Riemann spheres, that are deformed versions of the line R, in Fig.2. A
remarkable theorem due to Kodaira [32] tells us that such deformed Rs do, indeed
form a complex 4-parameter family (at least for deformations that are not too large). It
is a striking fact that the non-trivial local structure of the resulting R , which involves
a non-zero anti-self-dual Weyl curvature (W zcp; see [16], [30]), arises from global
structure of the deformed twistor space T, itself having merely a local I-structure,
identical with that of Ml, or of D (with the correponding A).
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The idea behind palatial twistor theory [18] is that we try to mimic this “non-
linear-graviton” procedure, but where instead of matching the complex-manifold
structure of ‘U, to that of U, in order to get a curved twistor space 77, we try to match
their respective twistor quantum algebras A, and A, to give a “curved” quantum
algebra A, but without involving actual “spaces”, like the regions of U, and U,, or T.
Had we maintained a notion of a twistor manifold, for the regions U,, U,, this would
force us into the /left-handed space-time framework, rather than allowing both
helicities. Matching the twistor algebras rather than the twistor spaces of the non-
linear graviton construction enables us to resolve a long-standing (~40-year-old)
conundrum known as the “googly problem” (see [22], footnote on p.164). That
problem demands finding a suitable procedure which would yield (complex) space-
times possessing self-dual conformal curvature (¥, 5cp), i.e. right-handed (s=2), for
which the linearized version would require a twistor function f of the awkward-
looking homogeneity degree —6, which had proved very problematic. Of course, that
could be addressed if the dual (W-description) were adopted, but then the same
problem would arise for the anti-self dual part, which doesn’t help, as a single
formalism has to be found, able to cope with both parts at once. This is what palatial
twistor theory is proposed to achieve.

Since these twistor quantum algebras are non-commutative, we are led into the
kind of picture provided by the ideas of non-commutative geometry [33], and ordinary
“spaces” like U, and U, are not determined uniquely by such algebras. Nevertheless,
we need some notion of locality (or “topology”) in order to express the concept of
building up the entire structure out of “flat” pieces. This is achieved by appealing to
the light-ray spaces PV, pJV, and IV, described in §2 and §3. We can imagine that
PN is divided into, say, n partially overlapping regions PN, PN,, ..., PN,
providing an open covering (N ,N5,...,.N,) of V. The idea is that if the individual
spaces N, together with their intersections, are, in an appropriate sense, “simple”,
then they can be (non-canonically) assigned respective “flat” twistor quantum
algebras A4, A,, .., A,,. On the various overlaps N;UN the algebras needs to match
appropriately, but the resulting “patched” algebra will not be “flat” in its total
structure if M is conformally curved.

I need to explain some of these terms a little more fully. Basically, the algebra
will be considered to be flar if it has a consistent “ket space” |...), and the idea is to
find such a flat algebra for any “simple” region U in V. Here, an open subregion of
Nis called simple if it is topologically and holomorphically trivial—by which I mean
that it has Euclidean topology and is in some appropriate sense convex. To construct a
(flat) twistor quantum algebra suitably assigned to any such simple region, we first

consider the twistor space T,, for each ray y in PU (from local twistor transport §4),
and then construct the twistor quantum algebra A,, from each, in the standard way (as
in §4). We have no reason to expect a canonical isomorphism between these algebras
for different rays y in PU when M is conformally curved. However, it is to be
expected that we can, for a simple region U in N, deform, continuously and
holomorphically, the various A, s at the different points of U, so as to obtain a

holomorphic “trivialization” of the bundle of A,s over U, thereby obtaining (by no
means uniquely) a single algebra Aq;, continuously and holomorphically isomorphic
to each A, for yclPU (and therefore isomorphic to A) consistently over the whole of
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U. This is to be expected because the relation between the various local twistor spaces

T, and their immediate neighbours (i.e. T,,, where y’ is neighbouring to y) becomes a
holomorphic one between the corresponding A, s, by virtue of the holomorphic nature
of the twisor quantization process (and by virtue of the pre-quantization connection of
§3. This notion of “consistency” (though still not fully understood in mathematical
details) demands that there be a consistent “ket-space” |...) for Aq;, isomorphic to A,
over each region U.

Each such flat A is to be thought of in the spirit of a “coordinate patch”.
Over the intersection U;NU; of two simple regions U; and U; we require consistency
of the algebras Aq; and Auj in the sense of having a continuous and holomorphic

deformation of one to the other, retaining a consistent ket space on the intersection,
but we do not require a common ket-space to be present for the whole of their union
U;UU;. Such consistency would not generally be possible globally. Instead, our fully
“patched together” algebra <A would not have a consistent ket space (unless M is
conformally flat). The idea would be that a measure of the departure from global
consistency of a ket space, over the whole of V', would be something of the nature of
a (non-linear) 1% cohomology element (as with the inconsistency expressed in Fig.3)
and which, in space-time terms, would express the presence of a non-zero Weyl
conformal tensor, i.e. conformal curvature for M.

We need to be able to identify the points of M in terms of the algebra A.
These have to arise by non-local considerations (as was the case with the non-linear
graviton construction). Corresponding to any particular point r of M there would be a
locus R in PN representing r, namely the family of all rays through r, which is
topologically S°. The idea is that the consistency (i.e. trivialization, in the above
strong sense of having a consistent ket-space) of the A-bundle over R is what
determines such an $° locus as representing a point of M. For this to work, as a
sufficiently restrictive proposal for locating M’s points in terms of such a twistorial
construction, we need to establish the validity of various technical issues that have
been skimmed over in the previous two paragraphs. Moreover, to ensure that the
construction outlined above actually provides us with a 4-dimensional M, we would
certainly need some suitable generalization of the Kodaira theorem [32] that was
central to the non-linear graviton construction.

None of this yet encodes the formulation of Einstein’s equations. It is perhaps
remarkable, therefore, to find that Einstein’s A-vacuum equations are themselves very
simply encoded into this structure. For these equations provide precisely the
necessary and sufficient condition that the local twistor spaces T, possess an I-
structure (for given A), so all we now require that is that the needed continuous and
holomorphic deformations of the A¢; algebras preserve their nature as algebras on T,
with this I-structure. If all these procedures (or something like them) indeed work as
intended (with generalizations to the Yang—Mills equations and other aspects of
physics), then there would appear to be significant openings for twistor theory in a
non-local basic physics, not envisaged before.

Nevertheless, we have still not addressed the issue raised in §1 of the need for
a (non-local) physics capable of describing the R-process as a realistic gravitational
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phenomenon. Indeed, the formalism as so far described cannot yet be taken as a
“quantum-gravity” theory if only for the simple reason that no place has been found
for the Planck length /; or equivalently the Planck time #. A tempting way to
incorporate such dimensional quantities might be to modify the commutators of §5 as
follows:

7« Z_[;—Z_/; 7% = h6g
and

2070 7P 70 = eI, ZoZp—ZyZa = Ely,
where € is a very small (complex?) constant related to the Planck length. These
commutator equations have not yet been significantly explored, and it cannot yet be
said whether or not they supply anything of the kind of “quantum gravity” framework
that might be needed.
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Figure captions

Fig.1 A positive-norm twistor Z lies in the portion T" of non-projective twistor
vector space T, this being is the disjoint union of T", N, and T". The projective
versions of these three spaces are PT, PP, and PT", respectively.

Fig.2 The contour integral arrangement for a twistor wavefunction. The two open
sets U, and U, (regions of PT" depicted above those letters) together cover the
whole of PT", the function fbeing defined on their intersection. The complex
point r is represented by a Riemann sphere (complex projective line) R in PT".

Fig.3 The “impossible tribar” illustrates 1% cohomology. This arises from a local
ambiguity in the distance of the depicted object from the viewer.
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